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One of themajor challenges in computational jet aeroacoustics is the accuratemodeling and prediction of acoustic

fields to reduce and control the jet noise. Surface integralmethods (e.g., the Kirchhoff method and FfowcsWilliams–

Hawkingsmethod) canbe used in computational aeroacoustics to extend the near-field computationalfluid dynamics

results to far field. The surface integral methods can efficiently and accurately predict aerodynamically generated

noise provided the control surface surrounds the entire source region. However, for jet noise prediction, shear mean

flowexists outside the control surface that causes refraction.Meanflow refraction corrections for the surface integral

methods have been done in the past using simple geometric acoustics. A more rigorous method based on Lilley’s

equation is investigated here due to itsmore realistic assumption of the acoustic propagation. Jet noise computational

results based on large-eddy simulation for the nearfield of an isothermal jet atReynolds number 400,000 are used for

the evaluation of the solution on the Ffowcs Williams–Hawkings control surface. The proposed methodology for

prediction of far-field soundpressure level shows that the acousticfieldwithin the zone of silence is consistent with the

measured data.

Nomenclature

Ai = Airy function
a = local sound speed normalized by its ambient value,

a � a=a0
G! = free-space Green’s function in time domain
G! = fundamental solution of Fourier transformed wave

equation defined by Eq. (17)
G! = fundamental solution of Fourier transformed wave

equation defined by Eq. (18)
k0 = streamwise wave number, k0 � !=a0
L = wave operator
M = Mach number or mean Mach number profile
n = critical azimuthal wave number
n̂j = outward directed unit normal vector
Pij = compressive stress tensor with the constant p0�ij

subtracted
p = local pressure
Q = arbitrary function defined by Eq. (19)
q = arbitrary function defined by Eq. (19)
R = distance between observer and source point
ReD = Reynolds number based on jet diameter
R! = arbitrary function defined by Eq. (19)

or (20)
r = magnitude of radiation vector, jrjj

r� = turning point defined by Eq. (19)
S = closed surface defined by f�y; ��
Sr = Strouhal number
t = time or observer reception time
U = mean velocity or mean velocity profile
ui = Cartesian surface velocity components
�x; t� = observer coordinates and time
� = acoustic source distribution
�’ = difference in azimuthal angles of the observer and

source point coordinates
�ij = Kronecker delta
# = sound propagation angle
� = arbitrary function defined by Eq. (19)
� = arbitrary function defined by Eq. (19)
� = source emission angle
� = arbitrary function defined by Eq. (20)
� = acoustic pressure fluctuation normalized

by �� �a2

� = fluid density
� = arbitrary function defined by Eq. (14)
� = retarded or emission time, t � R=a0
	 = acoustic variable
! = cyclic frequency
h i = root mean square evaluation

Subscripts

av = average parameter
c = corrected parameter
cr = critical angle parameter
J = quantity on jet centerline
m = measured parameter
n = inner product with n̂j
r = inner product with r̂j
ref = reference parameter
s = quantity evaluated at source position
ret = quantity evaluated at retarded time �
0 = ambient or freestream quantity
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Superscripts

0 = perturbation quantity, e.g., �0 � �� �o
_ = source time derivative
� = mean flow quantityb = Fourier transformed quantity
^ = unit vector

I. Introduction

C OMPUTATIONAL aeroacoustics (CAA) is concerned with
the prediction of the aerodynamic sound source and the

propagation of the generated sound. The sound is generated by a
nonlinear process, which is governed by the full, time-dependent,
and compressible Navier–Stokes equations. Indeed, as the acoustic
far field is linear and irrotational, one can consider two distinct
processes, i.e., the nonlinear generation of sound and the linear
propagation of sound. This implies that, instead of solving the full
nonlinear flow equations out in the far field for sound propagation,
one can extend the nonlinear near-field acoustic sources to the linear
far-field sound through the traditional Lighthill’s acoustic analogy
[1] or surface integral methods, i.e., Kirchhoff’s method [2], and
Ffowcs Williams–Hawkings (FW-H) method [3,4]. The latter
methods aremore attractive as the volume integration is avoided. The
surface integral methods assume that the sound propagation is
governed by the simple wave equation, and can efficiently and
accurately predict aerodynamically generated sound provided the
control surface surrounds the entire nonlinear source region [5,6].
However, in jet noise prediction, the control surface cannot enclose
the entire aerodynamic generated source region. Also, there is
sheared mean flow downstream of the control surface. Thus, the
linear wave equation is invalid when sound propagates through the
region near the jet axis, downstream of the control surface.

In the past, researchers using surface integral methods to predict
jet noise had ignored sound generated at and outside of the
downstream end of the integration (control) surface [5]. These
sources have a very small influence on the resulting sound, as shown
by Uzun [7] using the MGB code [8] for typical grids used in large-
eddy simulation (LES) of jet flows. Themain effect is from the mean
sheared flow outside the control surface. When acoustic waves
propagate through the jet mean flow downstream of the control
surface, they cross velocity-shear interfaces, which deflects the
radiated sound away from the mean flow direction. This effect is
called refraction [9]. For isothermal or hot jets, the effect of refraction
gives rise to a “zone of silence,” a region where a substantial
reduction of sound occurs. Early investigations [9–11] found that the
waves propagating in the zone of silence initially start as evanescent
waves near the source. The presence of the zone of silence was also
measured experimentally [12–14]. Surface integral methods are not
able to predict the refraction outside the control surface and the
resulting zone of silence. The mean flow refraction corrections to the
surface integral method have been investigated using the simple
geometric acoustics (GA) approximation [6,15], but no applications
were given. This approximation is valid only for high frequencies.
However, azimuthal variations between the sources in the sheared
layer and the observers are not taken into account and hence the
accuracy of this correctionmay be limited. It isworthwhile to attempt
a more rigorous approach to achieve a more reliable prediction. A
linearized homogeneous third-order convective wave equation,
namely, Lilley’s equation [16], has been solved asymptotically using
the stationary phase method in the far field [9]. The high-frequency
limit solution [17] of Lilley’s equation is revisited and applied to
refraction corrections of surface integral methods. The frequency
range inwhich the approximation solution of Lilley’s equation holds,
is also studied.

The remainder of the paper revisits the surface integral
formulations followed by a point source example to demonstrate the
utility and efficiency of the refraction corrections schemes, i.e., GA
method and Lilley’s equation. This is achieved by coupling the
surface integral methods with the refraction correction schemes. An
application involving overall sound pressure level (OASPL)

calculation based on an LES computation of an isothermal jet at
ReD � 400; 000 is shown. Current calculation shows that the zone of
silence is consistent with themeasured data. An earlier version of this
work was presented in [18].

II. Surface Integral Methodologies

A. Kirchhoff’s Method

The Kirchhoff formula can be written as
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where 	 represents the acoustic variable, a0 is the sound speed

cos �� R̂ 
 n̂, � is the source emission angle, n̂ is the outward
directed unit normal vector of the closed control surface S, and R is
the distance between the observer and the surface source. The surface
integrals are over the control surface S and evaluated at retarded or
emission time � described by the following equation

� � t � R
a0

(2)

where t is observer or reception time. The dependent variable 	 is
normally taken to be the disturbance pressure, but can be any quantity
which satisfies the linear wave equation.

With the use of a Fourier transform, Eq. (1) can be expressed in the
frequency domain (i.e., starting from Helmholtz equation) as
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where b	 is the Fourier transform of 	, and ! is the cyclic frequency.
Equations (1) and (3) work well for aeroacoustic predictions when

the control surface is placed in a region of the flowfield where the
linear wave equation is valid. However, thismight not be possible for
some cases. Additional nonlinearities (i.e., quadrupoles) can be
added outside the control Kirchhoff surface [19].

B. Porous Ffowcs Williams–Hawkings Method

The FW-H equation can be derived by introducing two new
variables Ui and Li (following Brentner and Farassat [20] and
Di Francescantonio [21]),

Ui �
�ui
�0

(4)

Li � Pijn̂j � �uiun (5)

where subscript 0 implies ambient conditions, superscript 0 implies
disturbances (e.g., �� �0 � �0), � is the density, u is the velocity,
and Pij is the compressive stress tensor with the constant p0�ij
subtracted. The integral form of the FW-H equation can be written as

p0�x; t� � p0T�x; t� � p0L�x; t� � p0Q�x; t� (6)
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and the quadrupole noise pressurep0Q�x; t� can be determined by any

method currently available. The subscript r or n indicates a dot
product of the vector with the unit vector in the radiation direction r̂
or the unit vector in the surface normal direction n̂i, respectively. It
should be noted that the three pressure terms have a physicalmeaning
for rigid surfaces: p0T�x; t� is known as thickness noise, p0L�x; t� is
called loading noise, and p0Q�x; t� is called quadrupole noise. For a
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porous surface, the terms lose their physical meaning, but the last
term p0Q�x; t� still denotes the quadrupoles outside surface S.

With the use of the Fourier transform, the FW-H formulation can
be written in the frequency domain as
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where bp0, bUn, and bLr are the Fourier transforms of p0, Un, and Lr,
respectively, and! is the cyclic frequency. Equations (6–10) provide
a Kirchhoff-like formulation if the quadrupoles outside the control
surface [p0Q�x; t� term] are ignored.

III. Refraction Corrections

A. Geometric Acoustics

The application of simple geometric acoustics (GA) closed-form
approximation used in this work is based on the thick cylindrical
shear layer refraction correction [15,22]. This approximation is valid
only when the acoustic wavelength is small compared with the shear
layer thickness. First, we consider only mean flow effects on the
sound radiation and model the wave propagation through a stratified
medium, as described in Eq. (11),

a0
cos#0

�U� a0
cos �

(11)

where U is the steady velocity at the downstream end of the control
surface, � is the sound emission angle with respect to the jet axis, and
#0 is the propagation angle in the stagnant, ambient air, as shown in
Fig. 1. Equation (11) can be rearranged to show that the critical angle
is defined by

cos �cr �
1

1�M (12)

The critical angle �cr simply means that no sound can reach the
observer and gives rise to the zone of silence.

This result is purely kinematic without taking the thick cylindrical
shear layer refraction into account. The pressure correction factor
parameter provides a more insightful refraction correction,����PcPm

������1 �M cos#0�2 (13)

where Pc is the corrected pressure, and Pm is the measured pressure.
Essentially,Pm is the far-field pressure fluctuation predicted from the
Kirchhoff or FW-H method in the absence of the shear flow. An
additional correction (not considered in [15]) is also used to account
for the retarded source position, based on the following factor
multiplication:
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p
. Therefore, Eqs. (13) and (14)

can be used to add a mean flow refraction correction to a surface
integral method (i.e., Kirchhoff or FW-H method).

One of the advantages of using the GA method is that it can be
applied to a general source. This flexibility was arrived due to

the separate corrections of the angle and amplitude. On the other
hand, the azimuthal variation between the source and observer
points has been ignored in the simple GA method. The azimuthal
variations between the sources and observer points are important
because the turbulence flow is highly exhibiting three-dimensional
behavior in nature. We overcome this issue by introducing a more
rigorous refraction method based on Lilley’s equation [16],
described next.

B. Lilley’s Equation

Lilley’s equation [16] is derived from the inhomogeneous wave
equation. The equation describes explicitly the combined effects of
sound convection and refraction by a unidirectional transversely
sheared mean flow. Lilley’s equation can be written as

L�� � (15)

where � denotes the acoustic pressure fluctuation normalized by
�� �a2, �� is the mean flow density, �a is the mean speed of sound, �
represents the acoustic source distribution, and L is the wave
operator originally derived by Pridmore-Brown [23].
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is the convective derivative relative to mean flow, and �u is the mean
flow velocity.

In the past, many researchers [8,9,11] have tried to obtain the
Green’s function expression of Lilley’s equation using a high-
frequency, far-field asymptotic approximation. This approximation
is valid only when the acoustics wavelength of the aerodynamic
noise is much shorter than the characteristic length scale of the mean
flow, and also the mean velocity profile is horizontal. At the end of
the jet potential core, for example, the mean velocity profiles are
significantly distorted, and the parallel mean flow assumption would
fail.

Based on this assumption, three different closed forms of Green’s
function solution with locally parallel and axisymmetric mean flow
were obtained. The first expression was developed by Goldstein [9],
in which the source was placed on several wavelengths off the jet
axis. At the same time, Balsa [11] developed an expression with the
source located near the jet centerline axis. The third formwas derived
by Goldstein [24] with the implementation of ray-theory for parallel
round jets. If a monopole source distribution is considered, the
Green’s function associated with the Fourier transformed solution of
Lilley’s wave equation G!�xjxs� satisfies the following equation

L �G!�xjxs�e�i!t	 �
D

Dt
� �a2��x � xs�e�i!t	 (17)

where ! is source frequency, xs is source position, and � is the
Kronecker delta.

The fundamental solution of the Fourier transformed Lilley’s
equation, which is mathematically called the reduced Green’s
function, describes the effect of the surrounding mean flow on the
radiated sound. Mean velocity gradients and temperature gradients
are known to refract the acoustic energy within the mean shear layer.
For simplicity, an isothermal jet condition is considered with no
temperature gradients. Hence, the refraction is caused only by
nonuniformmeanflowwithin the shear layer, which varies radially at
the outflow of the control surface. One can solve the reducedGreen’s
function using a high-frequency asymptotic approximation.

Asmentioned in [17], if the distance between the source and the jet
centerline axis is sufficiently large (several factors of 1=k0, where k0
is the streamwise wave number k0 � !=a0), then the critical
azimuthal wave number n can be scaled to the order of k0. This
scaling was considered by Goldstein [9] and the resulting acoustic

source

U

ο

θ

ϑ

Fig. 1 Sound emission and propagation angle of a source due to

refraction.
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field was referred to as the asymmetric, high-frequency
approximation.

n�O�k0� as k0 !1

On the other hand, as the source moves closer to the jet centerline
axis, the scaling becomes

n�O�1� as k0 !1

Here, the critical wave number n scales like 1=rJ, where rJ is the jet
nozzle radius. This near-axis source problem was studied by Balsa
[11] and the resulting acoustic field was referred to as the quasi-
symmetric, high-frequency approximation.

Assuming both k0 and R!1, the following Eq. (18) gives the
ratio of the reduced Green’s function to the free-space Green’s
function, which was implemented in the refraction corrections codes
developed in this research.

G!�xjxs�
G!�XjXS�

� R!�XjXS�
a�rs��1 �M�rs� cos �	

(18)

Based on the asymmetric and quasi-symmetric behaviors of the
acoustic field, two distinct R!�xjxs� functions from Eq. (18) are
derived in separate approaches and are used to describe the acoustic
field accordingly. The asymmetric, high-frequency solutions are
used for off-axis source locations, whereas the quasi-symmetric
solutions are applied to near-axis locations.

For the asymmetric, far-field approximation, R!�xjxs� is defined
by the following equation:
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where a � �a=a0 is the local sound speed normalized by its ambient
value,M �U=a0 is theMach number based on the ambient speed of
sound, �’ is the azimuthal difference between observer and source
point, rs is the source location, and Ai is the Airy function. Note that
the cube root in the definition of �n in Eq. (19) is taken such that
�n < 0 for r > r� and �n > 0 for r < r�.

For the quasi-symmetric, far-field approximation, R!�xjxs� is
defined by the following equation:

R !�xjxs� � eik0 ���r��Rsin
2����rs� cos�’	 (20)

where

��r� �
Z
r

0

q�r� dr

Comparisons done in [18] for jG!=G!j at various azimuthal-angle
parameters �’ of both asymmetric and quasi-symmetric
approximations using the case suggested in [17] show results
identical to [17]. With different azimuthal-angle parameters �’,
jG!=G!j varies . This implies that simply ignoring the azimuthal
variations between the source and the observer points may result in
inaccurate predictions.

The first assumption in Eq. (19), i.e., k0 !1 needs to be well
defined and the lowest wave number k0 value should be correctly
determined. An analysis was done for this evaluation in [17]. The
same results are obtained here, which show the asymptotic high-

frequency approximation for solutions of Lilley’s equation remains
accurate with Strouhal number as small as one-half. Below this
Strouhal number limit, asymptotic approximation does not apply and
the refraction correction must be done by an alternative way, which
we choose to be the simple GA method.

Essentially, the asymmetric solution is implemented for all source
elements except for a near-axis source, where the asymmetric
solution breaks down and a quasi-symmetric solution is used. It
should be noted that r� defined inEq. (19) does not appear in Eq. (20).
The solution r� for which the nonlinear equation Qn is zero, and is
called turning point and is determined by solving the equation
numerically. Because of its dependency on velocity magnitude,
which varies along the radial direction, the use of asymmetric
approximation turns out more computationally expensive compared
with the quasi-symmetric approximation.

IV. Validation Case: Point Source

A simple monopole is used to demonstrate the application of
refraction corrections in jet noise prediction. This test case is not
representative of jet noise, but shows the nature of the corrections. It
is used because of its simplicity. Equation (3) is used for the
Kirchhoff method, Eqs. (9) and (10) for the FW-Hmethod, Eqs. (13)
and (14) for the GA corrections, and Eqs. (18–20) for Lilley’s
equation method. Brent’s method [25] is used for the numerical
evaluation of the turning point r� in Eq. (19). The frequency domain
version of the Ffowcs Williams–Hawkings integral was
implemented to account for the acoustic far-field propagation of
the noise source. A cylindrical control surface (Lk � 40, rk � 5), as
shown in Fig. 2, was considered in this demonstration. The point
source is placed at the middle of the surface and the surface pressure
is defined as

bp�xs; !� � 1

rs
e
�i!rsa0 (21)

The acoustics wave number k0 of 1.0 is considered. We are using
20 points per wavelength. The distance between the midpoint of the
cylinder’s axis and the observer is taken to be 60rJ, where rJ is 1. The
result with no refraction correction is shown in Fig. 3. A normalized
amplitude of one is expected with no mean flow outside the FW-H
surface.

Assume there is a nonuniform shear flow at the right base of the
cylinder control surface with the velocity profile (typical of jet flow)
described by

M�r� �MJe
Ar2 (22)

where r is the radial distance, MJ � 0:5, and A��0:21. The
velocity variation impacts the far-field pressure contributed by those
point sources acting at radial location. At surface radius of 5, the
corresponding Mach number is 0.002, and the centerline Mach
number is 0.5. Because velocity becomes negligible near the radial
distance of 5, the refraction correction is applied only for r < 5.

r
k

x

Observer
(X,t)

Point Source

^n
R

θ

S

Lk

Fig. 2 Point source location and cylindrical control surface geometry.
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As shown in Fig. 3, the normalized pressure amplitude shows an
abrupt decrease within the shallow angles region for the GA case.
Lilley’s equation results in a relatively smooth amplitude decrease in
the region. Similar results were obtained from the Kirchhoff method,
and hence only the FW-H results are shown here.

V. Jet Noise Prediction Using Large-Eddy Simulation

The surface integral methods can extend the near-field
computational fluid dynamics flow data to far-field acoustic
properties, e.g., acoustic pressure. The near-field input for the surface
integral methods is obtained from a large-eddy simulation
calculation [7,26].

In this study, the LES calculation is performed for a turbulent
isothermal round jet at a Mach number of 0.9 and Reynolds number
of 400,000. The LES calculation employs an implicit sixth-order
tridiagonal spatial filter [27] as the implicit subgrid-scale model. The
jet centerline temperature was chosen to be the same as the ambient
temperatureT0 and set to 286K.A fully curvilinear grid consisting of
approximately 16million grid points was used in the simulation. The
grid has 390 points along the streamwise x direction and 200 points
along both the y and z directions. The physical portion of the domain
in this simulation is extended to 35 jet radii in the streamwise
direction and 30 jet radii in the transverse directions. The coarsest
resolution in this simulation is estimated to be about 400 times the
local Kolmogorov length scale.

The boundaries of the computational domain are treated using
Tam and Dong’s three-dimensional radiation and outflow boundary
conditions [28]. A sponge zone [29] near the downstream surface is
used in which grid stretching and artificial damping are applied to
suppress the unwanted reflections from the outflow boundary.
Because the actual nozzle geometry is not included in the present
calculations, randomized perturbations in the form of a vortex ring
are added to the jet velocity profile at a short distance downstream of
the inflow boundary to excite the three-dimensional instabilities in
the jet and cause the potential core of the jet to break up at a
reasonable distance downstream of the inflow boundary. The inflow
forcing used here was proposed by Bogey and Bailly [30]. There are
about 14 grid points in the initial jet shear layer. The standard fourth-
order explicit Runge–Kutta scheme is used for time advancement.

A Ffowcs William–Hawkings control surface was placed around
the jet, as illustrated in Fig. 4. The control surface starts one jet radius
downstream of the inflow boundary and extends to 31 jet radii along
the streamwise direction. Hence, the total streamwise length of the
control surface is 30rJ. The control surface is initially at a distance of
3.9 jet radii from the jet centerline, and opens up with downstream
distance. The LES flowfield data are gathered on the control surface
in the time domain at every five times steps over a period of 25,000

time steps during the LES run. The initial transients exited the
domain over the first 10,000 time steps. The total acoustic sampling
period corresponds to a time scale in which an ambient sound wave
travels about 14 times the domain length in the streamwise direction.
Assuming at least six points per wavelength are needed to accurately
resolve an acoustic wave, it is found that the maximum frequency
resolved with the grid spacing around the control surface
corresponds to a Strouhal number of approximately 3.0. This is the
grid cutoff frequency used in computation domain. Based on the data
sampling rate, the number of temporal points per period in this
maximum frequency is eight.

To investigate results of the refraction corrections, a frequency
domain of the FW-H method is developed and has LES data as an
input at outflow surface. A 4608-point fast Fourier transform (FFT)
analysis is performed to obtain the variables required in FW-H

calculation, which arebp0, bUn, and bLr at each frequency. These terms
are calculated in the retarded time algorithm using Eq. (2), which can
be solved by performing a simple linear interpolation.

It should be noted that the refraction corrections evaluated on the
downstream control surface are employing the frequency domain
FW-H equation. These results are added to the time domain FW-H
results for an open surface [26]. Thus, an inverse FFT is needed to
recover the signal for the downstream refraction surface in the time
domain.

Numerical results of far-field overall sound pressure level
(OASPL) are calculated using Eq. (23) along an arc of radius 60rJ
from the jet nozzle.

OASPL � 20log10

�
E

Pref

�
(23)

where Pref is the nondimensional reference pressure calculated from
the ambient temperature T0 � 286 K, ambient pressure p0�
1:01 kPa, M� 0:9 at jet centerline nozzle exit, and dimensional
reference pressure, 2 � 10�5 Pa.E is defined as h

R
Pav�f� dfi, where

Pav is calculated from the average acoustic pressure signals over the
equally spaced 36 azimuthal points on a full circle at a given �
location on far-field arc of radius 60rJ from the jet nozzle. The center
of the arc is chosen as the jet nozzle exit and the angle � is measured
from the jet axis as illustrated in Fig. 5.

One should remove the low frequencies resulting from the outflow
boundary which may not be damped out effectively by the sponge
zone. In our jet case, this frequency with the corresponding Strouhal
number of 0.05 was found. Hence, the OASPL spectra integration
only includes the resolved frequencies range of 0:05 
 Sr 
 3:0.

The computations of surface integral method were performed on
an IBM Power 3 machine at Purdue University. Advanced features
offered by FORTRAN 90 such as dynamics memory allocation are
implemented in the code to enable the computations. The codes are
run in parallel using message passing interface (MPI) implementa-
tion. The outflow surface comprises of a total of 135 � 135 patches.
The wall time required for computing acoustic signals at each arc
location (with 36 azimuthal locations) from the outflow FW-H
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Fig. 3 Refraction effects.

Fig. 4 Schematic of the control surface surrounding the jet flow.
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surface is around 5.8 h using eight 375 MHz processors. The
solutions of the rest of the FW-H surfaces are added to the solutions
of the outflow surface that includes the refraction corrections. In
Fig. 6, the solid line represents the OASPL result with no refraction
correction at the observer location along a far-field arc of x� 60rJ.
Table 1 summarizes theMach numbers andReynolds numbers of the
experiments and the Aerospace Recommended Practice (ARP)
database [33] that we are using for comparison. It should be noted
that the experimental jets were cold jets, whereas our jet is an
isothermal jet. However, as indicated in the ARP database, the effect
of the temperature for this case is very small, i.e., about 0.3 dB.

From the OASPL plot for an open surface, it is shown that the
prediction from the ARP database for a cold jet at ReD of 400,000 is

slightly lower (about 1 dB) than the LES calculations for high angles,
i.e., � � 40 deg. This overprediction is typical of LES calculations
(e.g., Bodony and Lele [34]) and could be possibly attributed to the
noisy forcing. Also, the OASPL are comparable to the experimental
values at these angles. However, at shallow angles, i.e., � 
 40 deg,
the OASPL from the LES drops significantly due to the omission of
the signal from the downstream surface. For the closed control
surface, the OASPL is generally higher than that of the open control
surface. The results increase significantly for lower angles. However,
there is a significant overprediction at angles � 
 20 deg, as
refraction effects outside the control surface are not included. For
higher angles, i.e., � � 70 deg, there is also an overprediction due to
an spurious line of dipoles on the downstream surface area, as the
quadrupoles move downstream and exit the control surface [26].

The implementation of the refraction correction begins with
generating a parallel shear mean flow. To reduce the required
computational time for Lilley’s equation, the mean flow velocity
profile is modeled with the following equation

M�r� �MJe
Ar2 � B (24)

where MJ � 0:46, and A, B are constants, i.e., �0:14 and 0.0044,
respectively. This is a curve-fit of the actual velocity from the LES
code.

This profile is used for both the simple GA method and Lilley’s
equation calculations. This sheared mean flow has an influence on
the signals emitted from the surface elements on the downstream
outflow FW-H surface. Refraction corrections are performed on the
surface elements inside the sheared flow, i.e., on the downstream
surface. The variation of the velocities across the radial direction of
the shear layer is taken into account at each surface element location.
The refraction corrections schemes result in the damping of the far-
field signal contributed by the surface element. Within the high-
frequency region of 0:50 
 Sr 
 3:0, these refraction corrections
are performed at each frequency and on each surface element.

As shown in Fig. 6, theOASPLwith refraction corrections starts to
decrease as � goes below 20 deg. This gives a zone of silence as
expected from the experimental results. The slight decrease of the
results with no refraction corrections is due to the existence of
refraction inside the FW-H control surface. With the refraction
corrections outside the control surface using the GA method, the
results show a decrease on the OASPL, making it closer to the
experiments. The results from the Lilley’s equation method exhibit a
smoother decrease on theOASPL inside the zone of silence, which is
consistent with the results for a monopole source, shown in Fig. 3.

With the application of Lilley’s equation, the computational wall
time required increases to about 180 h for each arc location inside the
zone of silence using eight 375 MHz processors run in parallel. The
maximum time ratio for Lilley’s equation method to GA method is
60. This significant increase in computational time is expected when
solving Lilley’s equation, because the mean flow velocity dependent
turning point r� in Eq. (19) needs to be evaluated numerically.

VI. Conclusions

In the past, the surface integral methods have proven to be an
efficient and accurate tool for the prediction of jet noise and other
aeroacoustic phenomena. However, they fail to predict the zone of
silence accurately. We have developed refraction corrections and
used them with the surface integral methods, i.e., Kirchhoff and
porous Ffowcs Williams–Hawkings methods. The refraction
corrections are based on simple geometric acoustics and Lilley’s
equation high-frequency, far-field asymptotic solutions. The
methods were applied to the noise calculation of an isothermal jet
of Reynolds number 400,000. The solution on the FW-H control
surface was provided using LES. The preceding refraction
corrections were applied on the downstream control surface to
account for the mean shear flow outside the control surface. Both
refraction corrections improve the OASPL results dramatically at
shallow angles near the axis.

Fig. 5 Schematic showing the center of the arc and how the angle � is
measured from the jet axis.
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Table 1 Some jet noise experiments with Mach numbers

similar to that of our LES

M ReD Reference

0.9 540,000 Mollo-Christensen et al. [31]
0.88 500,000 Lush [13]
0.9 3600 Stromberg et al. [32]
0.9 400,000 SAE ARP 876C [33]
0.9 400,000 our three-dimensional LES [7]
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Comparisons between the twomethods were also made and it was
shown that the simple GA method is much simpler and requires less
computational time compared with Lilley’s equation. On the other
hand, the high-frequency asymptotic solutions for Lilley’s equation
has the potential of being more realistic, allowing azimuthal
variations between source and observer. The use of the simple GA
method and Lilley’s equation have shown a successful prediction of
the zone of silence by applying inexpensive extensions of the
traditional surface integral methods, although a faster solution for
Lilley’s equation should be sought.
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